The physical phenomena that dominate the power characteristics of a laser depend on the detailed nature of the amplifying medium and the resonator structure. In predicting the power characteristics, numerous approximations are always required. The most important approximations are considered here in detail, and error estimates are presented so that a designer can select the appropriate model for a particular application. Emphasis is placed on analytic solutions and specific phenomena considered include longitudinal and transverse spatial hole burning, large single-pass gain, and mixed line broadening.
Introduction
One of the most important parameters of a laser oscillator is the total output power. For many applications one seeks to maximize the power output of a laser subject to constraints of size, efficiency, and cost. Unfortunately, this problem can become analytically difficult, and one never attempts an exact solution for even the simplest of laser configurations. The usual approach s to choose suitable approximations and obtain estimates of the maximum error that such choices will entail. Thus, it is helpful if simple realistic models are available for predicting the characteristics of particular laser designs.
The purpose of this paper is to bring together several basic laser models, which include most cw lasers of interest. Some of these mcidels have been considered previously in one form or another, but, even for these cases, there has been little attention given to establishing the magnitude of the inevitable errors. Such error information is obviously necessary to ensure that a calculation is sufficiently accurate for a particular application. An equally important benefit of accurate error information is that one can avoid making unnecessarily precise corrections for one physical effect, while ignoring altogether other effects that might be more substantial. Time and cost spent on empirical optimization studies can also be reduced. A brief review of the simple power calculations usually encountered is presented in Sec. II. Each following section then treats a specific correction to the basic power formulas. These sections conclude with explicit analytic relationships between the one-way intensity in the laser cavity and the threshold parameter. These relationships are then plotted and compared with the simpler formulas of Sec. II. The internal intensity is chosen for display rather than the output intensity, because one less parameter (the mirror transmission) is involved.
Many modern lasers exhibit large values of the single-pass gain, and the usual perturbation calculations are inaccurate. Corrections for large single-pass gain are discussed in Sec. III. Section IV describes the corrections that result from recognizing that the fields in the laser oscillator are standing waves rather than traveling waves. These calculations are based on the familiar density matrix equations, and one finds that longitudinal spatial hole burning usually tends to reduce the laser intensity. If the atoms are in rapid motion this effect is eliminated, and the intensity may even be larger than otherwise expected. In Sec. V it is shown that transverse spatial hole burning tends to enhance the output intensity as even the wings of the electromagnetic field distribution are eventually able to saturate the amplifying medium. The effects of mixed line broadening are discussed in Sec. VI. It is always convenient to regard a laser as being either homogeneously or inhomogeneously broadened, but, in fact, all lasers are to some extent mixed cases.
Basic Concepts
To calculate the laser power for many single-mode applications, one takes as a starting point the relationship -I= g(,I)I -I, dz (1) where g(v,I) is a gain coefficient depending on frequency v and intensity I, and -q is a distributed loss coefficient. The solution to Eq. (1) can be obtained once an explicit form for g(vI) is assumed. The functional form of g(vI) depends on which broadening mechanisms are dominant in the particular laser medium being considered. In a homogeneously broadened laser medium all the atoms (or molecules) are equivalent in the sense of having the same laser transition frequency, radiative lifetimes, and collision rates with other atoms or phonons. It can be shown that the stimulated emission coefficient for this type of medium has a Lorentzian frequency dependence. 1 2 Combining this result with a rate equation model for the atomic populations, one finds that the gain coefficient for a homogeneously broadened laser takes the form gh (P,I) =gh.
where gho is the line center unsaturated gain, Avh is the full width at half-maximum of the unsaturated Lorentzian, vO is the center frequency of the transition, and s is a saturation parameter.
In an inhomogeneously broadened laser medium, the atoms have different transition frequencies due to Doppler shifts, nonuniform Stark or Zeeman effects, or isotope shifts. In such a medium the net gain is obtained by summing up the gain functions like that in Eq. (2) for-each frequency class of atoms. Thus, the inhomogeneous gain function can often be written
where p (vs) is a normalized distribution of atomic center frequencies. If p(va) is broad compared with APh, the result of such a summation is
In a Doppler broadened gas laser, for example, this line shape function is the Gaussian
where AVD is the full Doppler width at half-maximum. Thus the inhomogeneous gain of Eq. (4) is
where the line center unsaturated gain gio is relatated to gho by
AVD
Using the homogeneous or inhomogeneous gain distributions given, respectively, in Eqs. (2) and (6), one can apply Eq. (1) to a variety of laser problems. Thus, the intensity in a homogeneously broadened laser amplifier is governed by the equation
In a low-gain laser oscillator the intensity of the waves traveling to the right and to the left are approximately equal, and one can replace the term sI by 2sI to reflect the fact that the gain is saturated by both waves. It then follows that the increase in intensity after one round trip in a low-gain laser oscillator can be written
where is the length of the amplifying medium. On the other hand, the mirror loss after one round trip is
where RI and Rr are, respectively, the reflectivities of the left-hand and right-hand mirrors.
For stable oscillation the round-trip gain must equal the round-trip loss so the left-hand sides of Eqs. (9) and (10) are equal. The resulting equation may be solved for the intensity I, and one obtains
The output intensity at the right or left end of the laser is obtained by multiplying the intensity of Eq. (11) by the appropriate mirror transmission. The frequency term vanishes if the laser is tuned to line center, or it may be absorbed into the gain and saturation parameters. Then Eq. (11) can be written simply
where r is a threshold coefficient representing the ratio of round-trip gain to loss. In one form or another this is the familiar and widely employed expression for the intensity in a homogeneously broadened laser oscillator. From it may be derived the output intensity and optimum coupling conditions. One purpose of the following sections is to investigate in detail the numerous sources of error that may severely limit the accuracy of these results. A similar analysis applies to inhomogeneously broadened lasers. From Eqs. (1) and (6) the intensity in a laser amplifier must satisfy
-II. (13) The frequency dependence can again be incorporated into the gain coefficient. The same analysis as employed for the homogeneous case yields the result
In this case the gain is a quadratic function of r rather than being a linear function. Equation (14) applies directly for most types of inhomogeneous broadening. However, in a Doppler broadened medium tuned away from line center the right and left traveling waves interact with different velocity classes of atoms, and the factor of 2 should be deleted from Eq. (14). This relative decrease in intensity near line center is the familiar Lamb dip, which is typical of many gas lasers. 3 
Ill. Large Single-Pass Gain

A. Homogeneously Broadened Lasers
The emphasis in Sec. II was on lasers in which the gain per pass is small compared to unity. It is now appropriate to consider in detail the limitations on the validity of the low-gain approximation. In a homogeneously broadened laser, the equations governing the intensity of the wave traveling to the right I+ and the intensity of the wave traveling to the left I-can be written 4 For simplicity it has been assumed that the laser is operating at line center. This assumption does not actually reduce the generality of the analysis, since offcenter frequencies can be represented by including a Lorentzian frequency factor in the gain and saturation parameters. Also it may be noted here that saturation depends on the sum of the electric fields rather than on the intensities, and the resultant longitudinal spatial hole burning is discussed in Sec. IV. However, in high-gain lasers the effective standing wave region is short, and spatial hole burning (which will be found to be small anyway) can have little effect on the output. It follows readily from Eqs. (15) and (16) that the product of the intensities of the waves traveling to the left and to the right is a constant independent of z, i.e., I+(z)(z) = const. (17) With a bit more algebra one can find, for example, that the intensity incident on the right-hand mirror in a high-gain laser with negligible distributed losses is
In an optimized system the reflectivity of the left-hand mirror would, it is hoped, be close to unity, and thus Eq. (18) reduces to
The threshold parameter is related to the gain and loss by
Therefore, Eq. (19) can also be written
1 -exp(-2gh.1/r) Equation (21) is plotted in Fig. 1 for various values of the unsaturated single-pass gain ghol. From this figure it is apparent that, at moderate levels of gain, the laser intensity may be many times larger than the values predicted by the standard low-gain formula (r -1)/2 given in Eq. (12).
B. Non-Doppler Inhomogeneously Broadened Lasers
As shown previously in Sec. II, the saturation formulas for homogeneous and inhomogeneous saturation are similar except that here a square root is needed in the saturation terms. Thus, Eqs. (15) and (16) must now be replaced by the set
The inhomogeneous gain coefficient is assumed to include the frequency dependence of the transition.
Equations (22) and (23) cannot be solved without making some fairly restrictive approximations. Numerical solutions are straightforward, however, and some typical results are given in Fig. 2 for the cases Ri = 0 and = 0. As in the homogeneous case, the discrepancy between the actual intensity and the low-gain approximation (r 2 -1)/2 of Eq. (14) may be very substantial.
C. Doppler Inhomogeneous Broadening
As we have seen in Sec. II, with Doppler broadening the right and left traveling waves may or may not both interact with the same atoms depending on the frequency tuning of the mode with respect to line center. The general behavior is difficult to represent, so we consider here only the two important limits. For frequencies close to line center, both waves interact with the same atoms, and the saturation equations are identical with Eqs. (22) and (23). Hence, this limit does not need to be discussed further. For frequencies far from line center compared to the homogeneous linewidth Avh, the waves interact with different classes of atoms, and the saturation equations are
where gi is the unsaturated gain at the laser frequency. These equations form the basis of the following discussion.
The first feature of Eqs. (24) and (25) to be noted is that they are entirely decoupled. If the reflectivity of the left-hand mirror is unity, one can simply integrate a single equation for two passes through the amplifier, and the result is 6
where I, is the intensity before the round trip, I2 is the intensity afterward, and distributed losses have again been neglected (I = 0). The boundary condition at the transmitting mirror is I = RI 2 , so Eq. (26) can be written
This is a single equation in the unknown function I2, and solutions can be readily obtained by iteration. The results can also be expressed in terms of the gain gil instead of the mirror reflectivity R by means of the inhomogeneous analog of Eq. (20). Equation (27) is plotted in Fig. 3 for various values of the gain gil. Again it may be seen that, for moderate values of gain, the intensity is much larger than the low-gain limit r 2 -1.
IV. Longitudinal Spatial Burning
A. Homogeneous Broadening A second potential source of error in laser power calculations concerns longitudinal spatial hole burning. 7 Due to this effect, the standing wave character of the resonator mode causes the gain saturation to be a strong function of longitudinal position. Some aspects of this effect can be understood in terms of rate equation models, but a complete. discussion must be based on a more general semiclassical approach. A brief density matrix derivation of the basic equations is given in the Appendix, and we consider here the results of those calcuations.
For a laser medium having negligible Doppler broadening, the semiclassical analysis yields two coupled equations for the mode intensity and frequency: 
where t, is the cavity lifetime, ,u is the transition matrix element, is the length of the amplifying medium, L is the length of the cavity, y is the phase relaxation rate, and N(Wa) is the unsaturated population inversion as a function of the atomic frequencies Da. The electric field is assumed to have a sin(kz) longitudinal dependence, and these equations given also as (A27) and (A28) apply for both homogeneous and non-Doppler inhomogeneous broadening. In the homogeneous limit the function N(wa) is very narrow compared to the Lorentzian terms and is centered at the frequency wo. Thus Eqs. (28) and (29) (28) and (29) it was previously assumed that the function N(coa) was very narrow compared to the Lorentzian factors. This assumption led to the homogeneous saturation limit. However, for
where r is a threshold parameter given by
For values of r greater than unity the laser is above threshold and produces a nonzero output.
Equations (32) and (33) In practice the actual oscillation frequency w is usually almost identical to the empty cavity frequency , and the difference wis unimportant. Here, however, the frequency can be obtained exactly. Substituting Eq. (32) into Eq. (33) yields
Since the product 2tc is usually large compared to unity, this result implies a slight mode pulling toward gain center. The explicit solution is
which may be used to eliminate o from r in Eq. (34) Equations (12) and (38) are plotted for comparison in Fig. 4 . It is evident from this comparison that, for any given value of the threshold parameter r, spatial hole burning has the effect of reducing the intensity by about 20 or 30%. It is reasonable that such a reduction should occur, since the standing wave fields cannot interact effectively with atoms that are situated near the many lasers the opposite limit of inhomogeneous broadening is more appropriate. In this case the function N(wa) is broad compared to the Lorentzian and to first order it may be removed from the integrals leaving I An accurate calculation of the oscillation frequency would require some knowledge of the function N(coa). For the present purposes mode pulling is neglected by transforming the frequency integration in Eq. (41) to an integration over the difference Wa -and extending the lower limit from -X to -a. In this approximation the integral vanishes since the integrand is an odd function of cOa -co. The frequency integration in Eq. (40) can be readily performed, and the result is
Since the range of integration is much greater than a wavelength, we may first average the integrand using the integral 9 Equations (14) and (45) are plotted for comparison in Fig. 4 . As in the case of homogeneous broadening, spatial hole burning has the effect of reducing the intensity. The largest percent discrepancy occurs near threshold where the hypergeometric function has the first-order approximation"
This result suggests the alternative approximation
From these results it is clear that again the neglect of spatial hole burning leads to a substantial overestimate of the laser intensity, and near threshold this overestimate amounts to 50%. It should also be noted that, for laser operation with r reasonably close to threshold, Eq.
(48) provides a useful replacement for the somewhat cumbersome hypergeometric function. Equation (48) may be inverted explicitly yielding the simple formula
C. Doppler Inhomogeneous Broadening The subject of gain saturation and power in gas lasers is somewhat more complicated than the same topics applied to most common solid or liquid lasers. The basic reason for this added complexity is the inevitable rapid motion of the lasing atoms or molecules. The Doppler shifts resulting from this motion may cause the light waves propagating to the right to interact with a different velocity class of atoms from that seen by the light waves propagating left. Furthermore, during their excited-state lifetimes the atoms may be able to move across the nodes and maxima that constitute the standing wave saturating field. Such motion will be found to reduce the longitudinal spatial hole burning and increase the laser intensity.
The basic equations governing the intensity and frequency in a Doppler broadened laser are given as (A54) and (A55): The general relationship between r and sI that is implied by Eq. (50) must be evaluated numerically and an example is shown in Fig. 4 . For this example it has been assumed that there are no phase interrupting collisions (Yph = 0), the other decay rates are equal (Ya = Yb = y), and the laser is tuned to line center to maximize spatial hole burning (W = wo). Furthermore, the laser is strongly inhomogeneously broadened so that the inversion N(v) may be replaced by a constant and cancelled from the right-hand side of Eq. (50). It may be seen from the figure that the present very cumber- (50) some solution differs but slightly from the results obtained for a non-Doppler inhomogeneously broadened laser neglecting spatial hole burning entirely. Thus the motion of the atoms or molecules is highly effective at smoothing out the spatial holes. Apparently, the standing wave nature of the fields causes a slight in- 
3')= , N(v) Re [ °o v W+W(V) dv/-N(v)ao,(v)dv, (51)
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1-l garded as an undesirable effect because of its reduction in laser intensity and its encouragement of complex multimode effects. Accordingly, various techniques have been developed to eliminate this effect including operation as a one-directional ring laser, 7 longitudinal translation of the cavity mode with respect to the amplifying medium,1 2 or twisting the mode with internal birefringent plates. 1 3 
V. Transverse Spatial Hole Burning
A. Homogeneous Broadening
When calculating the power characteristics of a laser amplifier or oscillator, one typically assumes that the intensity is roughly uniform over some cross section. Then the usual 1-D saturation results are used. In actual lasers, however, it is always the case that the intensity has a nonuniform spatial dependence. Here the possibility of extending the saturation equations to 3-D situations is investigated. The principal assumption made is that the form of the laser mode is known, and that only the total power is to be determined. The magnitude of the errors involved in the 1-D approximation is determined, and some useful saturation formulas are derived.
In most practical lasers the beams are nearly plane waves. Thus the intensity at any point can be factored into two parts as 14). This result accounts for the reasonably close agreement in Fig. 4 between the Doppler case with spatial hole burning and the non-Doppler case without spatial hole burning. The Doppler example in Fig. 4 is actually a worst-case for the approximation given in Eq. (52). Other exact numerical solutions have also been obtained, and it may be noted that, with the single change y = 0.1 Yb, the exact solutions are indistinguishable in the figure from the approximate results.
In concluding this section it might be worth mentioning that the longitudinal spatial hole burning effects that have been considered include most of the basic broad categories of lasers. Needless to say, there are additional complicating factors that may be important in certain cases. Among these are drift and diffusion of the lasing atoms and molecules. For a discussion of these complications from a rate equation point of view the reader is referred to Ref. 12 . It might also be noted that longitudinal spatial hole burning is usually re-
where P(z) describes the z dependence of the power, and f(r,k,z) is a normalized function describing the variation of the intensity over any cross section of the beam. For this discussion f (r,-k,z), the mode structure, is presumed known, while P(z) is to be determined. In particular we assume that the field distribution is the normalized Gaussian
where w(z) is the lie amplitude spot size. From Eq. (8) Setting the round-trip gain equal to the round-trip loss leads to the power equation This equation can also be inverted, and the power is then given explicitly by (60) This result is plotted in Fig. 5 along with Eq. (12) .
From this figure it is clear that the inclusion of a realistic beam profile leads to the prediction of substantially larger (100%) power output. This discrepancy is largest for operation far above threshold. At large values of r the wings of the beam profile are able to extract energy efficiently from the amplifying medium, so the effective beam area is much greater than 7rw 2 .
B. Inhomogeneous Broadening
The power characteristics of a Gaussian beam in an inhomogeneously broadened laser can als6 be calculated. As a starting point we take Eq. (13) In terms of the normalized intensity sI = sP/rw 2, this is simply
Equation (65) It should also be noted that this same procedure applies equally well for other beam profiles. Thus one might repeat these calculations for Laguerre-Gaussian, Hermite-Gaussian, astigmatic or slab-geometry beams, or the sinusoidal and Bessel function modes occurring in waveguide lasers. While more difficulty might be encountered in the integrations, the results should be qualitatively the same. As with longitudinal spatial hole burning, diffusion may sometimes be important, particularly in lasers with long excited-state lifetimes.
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VI. Mixed Broadening
In all the preceding calculations it has been assumed that the laser could be regarded as being either homogeneously or inhomogeneously broadened. In fact, of course, the line broadening of every real laser lies somewhere in between these two idealized limits. For practical applications it is, therefore, essential to understand first the magnitude of any competing broadening processes. Once this has been determined, it still is useful to be able to estimate the errors that might result from assuming that the line broadening is either purely homogeneous or purely inhomogeneous. It is always desirable to be able to assume one of these pure cases because of the resulting simplification in the analysis. The effects of mixed broadening can be best estimated by solving exactly what is probably the most common example. Thus we consider the case of a gas laser with comparable levels of Doppler and homogeneous broadening. For line center tuning the governing equation is (53), and this can be written explicitly as Equation (67) is plotted in Fig. 6 for various values of p. Not surprisingly, for small values of p the curve approaches the inhomogeneous limit sI = (r 2 -1)/2, and for large values of p the curve approaches the homogeneous limit sI = (r -1)/2. The most significant aspect of these curves is that the case of truest mixed broadening occurs with p 0.1 rather than occurring with p -1, as one might have expected. Thus, when it is mathematically important to identify a laser as either homogenenous or inhomogeneous, the transition between these types should be considered to occur at about p = 0.1.
Another interesting feature of Fig. 6 is the general similarity of the curves for all values of p, and one is led 
The numerator of this ratio is the error function,' 5 and, with the change of variables x = y2, the denominator is recognizable as a Whittaker function. 6 Equation (69) is plotted in Fig. 7 . As expected, for small values of p the limit is one. Using Fig. 7 and Eq. (68) one can readily determine the intensity in a laser with arbitrary mixed broadening. If these results are compared to the exact solutions of Fig. 6 , one finds that the approximation holds well for r as large as two or three.
In some cases it is helpful to have a fully analytic expression for the intensity, and the simple form of the curve in Fig. 7 suggests some analytic approximations. For example, there is some resemblance to the Fermi distribution, and one readily finds the best fit is
with po 0.12, and = 1.4.
VII. Conclusion
Any calculation of the power characteristics of a laser oscillator involves several approximations. In this paper we have examined some of the most fundamental of these approximations to see how large the corresponding errors might be. For uniformity the results have been summarized in a set of plots of intensity vs the threshold parameter. In brief one can observe from these plots that, in lasers having a large single-pass gain, the intensity can be an order of magnitude higher than expected from the low-gain formulas. Longitudinal spatial hole burning typically causes an intensity reduction of 20-30% in comparison to the standard formulas for homogeneously broadened or inhomogeneously broadened lasers. Transverse spatial hole burning may cause an increase in intensity by about 100%. Very large errors also may result if one does not correctly identify the dominant type of line broadening, and simple formulas have been given for estimating the power characteristics of lasers with mixed broadening. Although it is not feasible to account simultaneously for all these error types, one may reasonably expect that, when each type is small, the effect will be cumulative. Extensive experimental confirmation of the high-gain formulas exists in the literature, and it is likely that more careful studies of the other effects discussed here will be possible in light of the new formulas. It is also anticipated that the use of such formulas, which are often almost as simple as the approximations, might lead to substantial savings in time and cost in the laser design process. Greater accuracy should also be possible in the familiar problem of inferring the characteristics of a laser component from the behavior of a laser oscillator system.
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Appendix: Longitudinal Spatial Hole Burning
Saturation Equations
Before a rigorous discussion of longitudinal spatial hole burning can be undertaken, it is necessary to set down the equations that govern the interaction of light with atoms on a small scale. The most generally useful starting point is a semiclassical approach using Maxwell's equations coupled to the density matrix equations. The equations governing the ensemble averaged density matrix can be written17
where Ye and Yb represent the decay rates of the diagonal matrix elements, y = (Ye + Yb)! 2 + Yph is the decay for the off-diagonal elements, Xe and Xb are the pumping terms, and Wa is the center frequency of the laser transition for members of atomic class a. Maxwell's wave equation for the electric field of a linearly polarized wave in a laser medium can be written
The polarization driving this wave equation can be related back to the off-diagonal matrix elements by
where , is the dipole moment. In cw oscillation the rapid time and space dependence of the electric field and off-diagonal matrix elements can be factored out by means of the substitutions
With the standard rotating-wave approximation, Eqs.
where D = Pa -Pbb is the population difference, and M = Pee + Pbb is the population sum. Similarly, wave 
Eq. (A5) reduces to the set
where the rotating-wave approximation has been employed, real and imaginary parts have been isolated, and both sides have, been multiplied by sin(kz) and integrated over z. Equations (A9)-(A14) represent six equations in the unknowns S, C, D, M, E', and W. They may be solved numerically, but for most practical applications further analytical reductions are possible. To proceed with these calculations it is necessary to specify the dominant line broadening mechanisms.
Non-Doppler Broadening
In many practical laser media the broadening due to Doppler shifts is small compared with broadening by unequal atomic center frequencies or homogeneous processes such as natural and collisional broadening. Doppler effects can be eliminated by setting v equal to zero on the left-hand sides of Eqs. (A9)-(A12) and integrating over velocity. The results of these operations are
2hwyhab where the population difference has been defined by 
(A17)
where we have introduced the new definitions
The in-phase polarization component C(w,,,z) can be eliminated from Eqs. (A15) and (A16) yielding This is a coupled set of equations governing the intensity and frequency of the oscillating mode in a nonDoppler broadened laser. These results appear as Eqs. S(v,z) = ( -o)C(v,z) -yS(v,z) -A2 E'D(v,z) Now it is helpful to eliminate the z derivatives by expanding the polarization and population elements in series of spatial harmonics according to 
where N(v) is the unsaturated population difference defined in Eq. (A23), and the subscripts i and r denote, respectively, the imaginary and real parts of a quantity. With Eq. (A40) it follows that the imaginary part of Equations (A54) and (A55) are a coupled set that may be solved to obtain the frequency w and the intensity sI of the cw oscillating mode. In terms of the threshold parameter r they appear in the text as Eqs. (50) and (51).
